Introduction and Main Result {#Sec1}
============================

The polaron model introduced by Fröhlich \[[@CR5]\] represents a simple and well-studied model of an electron interacting with the quantized optical modes of a polar crystal. We refer to \[[@CR1], [@CR4], [@CR6], [@CR14], [@CR18]\] for properties, results and further references. To this date, the asymptotic behavior of its effective mass for strong coupling represents an outstanding open problem. According to Landau and Pekar \[[@CR8]\], it is expected to diverge as $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$, with a prefactor determined by the minimizer of the Pekar functional, see Eqs. ([1.4](#Equ4){ref-type=""}) and ([1.8](#Equ8){ref-type=""}) below. While we are not able to verify this conjecture, we shall prove in this paper that the effective mass indeed diverges to infinity as $\documentclass[12pt]{minimal}
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                \begin{document}$$P\in {\mathbb {R}}^3$$\end{document}$, the Hamiltonian of the Fröhlich model is given by \[[@CR9], [@CR14]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_P = (P- P_f)^2 + V + {\mathbb {N}}\end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V = - \frac{\sqrt{\alpha }}{\sqrt{2}\pi } \int _{{\mathbb {R}}^3} dk\, \frac{1}{|k|} \left( a_k + a^\dagger _k \right) , \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {N}}= \int _{{\mathbb {R}}^3} dk\, a^\dagger _k a_k$$\end{document}$ denotes the number operator, $\documentclass[12pt]{minimal}
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                \begin{document}$$P_f= \int _{{\mathbb {R}}^3} dk\, k \, a^\dagger _k a_k$$\end{document}$ the field momentum, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >0$$\end{document}$ is a coupling constant. The Hamiltonians $\documentclass[12pt]{minimal}
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                \begin{document}$$H_P$$\end{document}$ act on the Hilbert space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}$$\end{document}$, the bosonic Fock space over $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2({\mathbb {R}}^3)$$\end{document}$. The creation and annihilation operators satisfy the usual canonical commutation relations $\documentclass[12pt]{minimal}
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                \begin{document}$$[a_k,a^\dagger _{l}] = \delta (k-l)$$\end{document}$.
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                \begin{document}$$E_P = {{\,\mathrm{inf spec}\,}}H_P$$\end{document}$. It is well-known that $\documentclass[12pt]{minimal}
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                \begin{document}$$\min _P E_P = E_0$$\end{document}$ \[[@CR6]\], and that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{\alpha \rightarrow \infty } \alpha ^{-2} E_0 = e^{\mathrm{Pek}}, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{\mathrm{Pek}}$$\end{document}$ the Pekar energy$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e^{\mathrm{Pek}}= \min _\psi \left\{ \int _{{\mathbb {R}}^3} dx\, |\nabla \psi (x)|^2 - \iint \nolimits _{{\mathbb {R}}^3\times {\mathbb {R}}^3} dx\, dy\, \frac{ |\psi (x)|^2 |\psi (y)|^2 }{|x-y|} \, : \, \int _{{\mathbb {R}}^3} |\psi |^2 =1 \right\} .\nonumber \\ \end{aligned}$$\end{document}$$This was proved in \[[@CR3]\] using the path-integral formulation of the problem (see also \[[@CR15], [@CR16]\] for recent work on the construction of the Pekar process \[[@CR18]\]), and quantitative bounds were later given in \[[@CR13]\] using operator methods, which will play an important role also in this work.

The effective mass *m* of the polaron is defined via$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_P = E_0 + \frac{P^2}{ 2m } + o(P^2) \end{aligned}$$\end{document}$$as $\documentclass[12pt]{minimal}
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                \begin{document}$$P\rightarrow 0$$\end{document}$. In other words,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m = \frac{1}{2} \lim _{P\rightarrow 0} \left( \frac{E_P - E_0}{P^2} \right) ^{-1} . \end{aligned}$$\end{document}$$It satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$m\geqslant 1/2$$\end{document}$, which is the bare mass of the electron in our units. In fact, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >0$$\end{document}$. Our goal is to prove

Theorem 1 {#FPar1}
---------

The effective mass of the polaron satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{\alpha \rightarrow \infty } m = \infty . \end{aligned}$$\end{document}$$

According to \[[@CR8]\] (see also \[[@CR1]\] and \[[@CR18]\]) the polaron mass is expected to satisfy$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{\alpha \rightarrow \infty } \alpha ^{-4} m = \frac{8\pi }{3} \int _{{\mathbb {R}}^3} dx\, |\psi ^{\mathrm{Pek}}(x)|^4 \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi ^{\mathrm{Pek}}$$\end{document}$ denotes the minimizer of the Pekar functional in ([1.4](#Equ4){ref-type=""}). The latter is unique up to translations and multiplication by a complex phase \[[@CR10]\]. While our result is far from showing ([1.8](#Equ8){ref-type=""}), it gives for the first time a lower bound on *m* that diverges as $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \rightarrow \infty $$\end{document}$.

To prove Theorem [1](#FPar1){ref-type="sec"}, we shall compute an upper bound on $\documentclass[12pt]{minimal}
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                \begin{document}$$E_P - E_0$$\end{document}$. The choice of trial state is motivated by the following observation. In the strong coupling limit, we expect \[[@CR12], [@CR17]\] the ground states $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \phi _P \, \propto \, {\widehat{\psi ^{\mathrm{Pek}}_\alpha }} ( P-P_f ) e^{a^\dagger (\varphi ^{\mathrm{Pek}}_\alpha )} \Omega \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega \in \mathcal {F}$$\end{document}$ denotes the Fock space vacuum, $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{\psi ^{\mathrm{Pek}}_\alpha }}(p) = \alpha ^{-3/2} {\widehat{\psi ^{\mathrm{Pek}}}}(\alpha ^{-1} p) $$\end{document}$ is the Fourier transform of a minimizer of the Pekar functional in ([1.4](#Equ4){ref-type=""}) with coupling constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ inserted in front of the second term, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^{\mathrm{Pek}}_\alpha $$\end{document}$ is the corresponding Pekar field function in momentum space, given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varphi ^{\mathrm{Pek}}_\alpha (p) = \frac{\sqrt{\alpha }}{\sqrt{2}\pi |p|} \int _{{\mathbb {R}}^3} dx \, |\psi ^{\mathrm{Pek}}_\alpha (x)|^2 e^{-i p \cdot x} . \end{aligned}$$\end{document}$$Moreover, $\documentclass[12pt]{minimal}
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                \begin{document}$$a^\dagger (\varphi ^{\mathrm{Pek}}_\alpha )$$\end{document}$ is short for$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a^\dagger (\varphi ^{\mathrm{Pek}}_\alpha ) = \int _{{\mathbb {R}}^3} dk\, \varphi ^{\mathrm{Pek}}_\alpha (k) a^\dagger _k , \end{aligned}$$\end{document}$$hence $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{a^\dagger (\varphi ^{\mathrm{Pek}}_\alpha )} \Omega $$\end{document}$ is proportional to the coherent state whose expectation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^{\mathrm{Pek}}_\alpha (k)$$\end{document}$.
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                \begin{document}$$\phi _P \approx {\widehat{\psi ^{\mathrm{Pek}}_\alpha }}(P-P_f)/ {\widehat{\psi ^{\mathrm{Pek}}_\alpha }}(-P_f) \phi _0$$\end{document}$, which to leading order in *P* reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \phi _P \approx \phi _0 + P\cdot \frac{\nabla {\widehat{\psi ^{\mathrm{Pek}}_\alpha }}(-P_f) }{{\widehat{\psi ^{\mathrm{Pek}}_\alpha }}(-P_f)} \phi _0. \end{aligned}$$\end{document}$$Our actual choice of trial state will be slightly modified, since we do not know whether the function $\documentclass[12pt]{minimal}
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                \begin{document}$$p\mapsto \nabla {\widehat{\psi ^{\mathrm{Pek}}}}(p) /{\widehat{\psi ^{\mathrm{Pek}}}}(p)$$\end{document}$ is bounded, and hence we will use a regularized version of it.

Our method of proof is in principle quantitative, i.e., gives a lower bound on the effective mass *m*, except for the regularization just mentioned. If one can show that $\documentclass[12pt]{minimal}
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                \begin{document}$$p\mapsto \nabla {\widehat{\psi ^{\mathrm{Pek}}}}(p) /{\widehat{\psi ^{\mathrm{Pek}}}}(p)$$\end{document}$ is a bounded function (or get a control on its possible divergence at infinity), one obtains an explicit lower bound on the rate of divergence of *m* as $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \rightarrow \infty $$\end{document}$. Due to the rather crude energy estimates involved, the lower bound is at best of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ^4$$\end{document}$ in ([1.8](#Equ8){ref-type=""}).

We note that the effective mass plays an important role also in various other models of quantum field theory, and our method may prove useful in other problems as well. For previous rigorous work on the effective mass, we refer to \[[@CR2], [@CR11], [@CR12]\] and references there.

In the remainder of this paper we shall give the proof of Theorem [1](#FPar1){ref-type="sec"}.

Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec2}
============================================
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                \begin{document}$$\phi _0\in \mathcal {F}$$\end{document}$ denote the normalized ground state of $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _0$$\end{document}$ are shown in \[[@CR14]\].[1](#Fn1){ref-type="fn"} Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \phi _P = \phi _0 - \alpha ^{-1}P \cdot t(P_f/\alpha ) \phi _0 . \end{aligned}$$\end{document}$$Using rotation invariance of $\documentclass[12pt]{minimal}
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Our goal is to find a function *t* such that the right side of the above inequality goes to zero as $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar2}
-------
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In particular, Lemma [1](#FPar2){ref-type="sec"} states that the relevant expectation values can, in the strong coupling limit, be computed using the ansatz ([1.9](#Equ9){ref-type=""}) for $\documentclass[12pt]{minimal}
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We shall postpone the proof of Lemma [1](#FPar2){ref-type="sec"} to the end of this section, and continue by exploring its consequences. From ([2.5](#Equ17){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
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Theorem [1](#FPar1){ref-type="sec"} is thus proved if we can show that$$\documentclass[12pt]{minimal}
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We are left with the

Proof of Lemma 1 {#FPar3}
----------------

The key idea in the proof of Lemma [1](#FPar2){ref-type="sec"} is to reintroduce the electron coordinate, and to redo the proof of the strong coupling limit in \[[@CR13]\] with suitable perturbation terms. In fact, for $\documentclass[12pt]{minimal}
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The remainder of the proof is now identical to \[[@CR13]\], and we will skip the details. With both an ultraviolet cutoff (for the phonon momenta) and a space cutoff (for the electron) in place, one can approximate the interaction terms with finitely many modes, and use coherent states to compare the Hamiltonian to the corresponding classical problem, yielding the Pekar energy. This yields ([2.21](#Equ33){ref-type=""}), and hence completes the proof of Lemma [1](#FPar2){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Strictly speaking, the results in \[[@CR14]\] apply only to the model with an ultraviolet cutoff. The latter can be removed by a suitable limit, as explained in detail in \[[@CR7]\].

When comparing with ([1.12](#Equ12){ref-type=""}), note that $\documentclass[12pt]{minimal}
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